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Abstract. In this paper we consider efficient sets of multiple objective problems, in which the
feasible action set is the intersection of two other sets, and where one of these sets has a specid
structure, such as an assignment or transportation structure. The objective is to find the efficient
set of the special structure set, and its intersection with the other set, and to examine how good an
approximation this set is to the desired efficient set. The approximation set is caled an e-efficient
solution set. Some theoretical partition results are given for a specia constraint structure with upper
bounds on the objective function levels. For the case of 0-efficient solution sets, and finite explicit
sets, a computational cost analysis of two computational sequences is given. We also consider two
other O-efficient solution set cases. Then e-efficiency is considered for linear problems. Finally, the
approach isillustrated by a specia multiple objective transportation problem.
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1. Introduction

Many real life problems involve evaluating a set of potential actions in terms of
several measures of performance such as cost and time. These give rise to what
are known as multiple objective problems (see, e.g., [1-5]). Let us suppose that
we have K such measures of performance, giving rise to a performance vector
f(z) = (fXz), f2(x),-,-, f¥(x),-,-, fK(x)) for each potential action = in a set
X. Intheideal situation there will be a known preference function ¥ such that, if
z € Xandy € X,thenzisatleastasgoodasy if andonly if U(f(z)) < ¥ (f(y)).
In such cases the decision problem becomes

min[¥(f(z))].

rzeX

Note that we have cast our problem in minimisation form, but it might equally well
be cast in maximisation form.

In general, it is difficult to find explicitly, at least initially, the function ¥, and
it leads to trying to find some useful property of ¥ which can be used to generate
some actions among which an optimal one, in terms of the implicit function W,
lies. The weakest property of ¥ is a monotone one. For f € RX, g € R¥ let us
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436 D.J. WHITE

define f < gifandonly if fi < gx,1 < k < K. Then the monotone property is
that, if z € X andy € X, and f(z) < f(y), then

U(f(z)) <U(f(y)),
andif f(z) < f(y), f(z) # f(y), then

U(f () <V(f(y))

Insuchcases,if x € X andy € X,with f(z) < f(y), f(z) # f(y), thenthevector
f(z) issaid to dominate the vector f(y), and the solution z is said to dominate the
solution y, and y can be eliminated without loss. The set of non-dominated € X
is called the efficient solution set, X *, of X with respectto {f(-),<}.

If f(X*)istheimageof X* intheobjectivefunction space, thentheoptimisation
problem reducesto

ferp(lgg*)[w(f )]-
References[6] and [7] attempt to characterize f (X ™) asafirst step towards solving
the above problem. Theset f(X™*) is, in general, evenfor linear objective functions
and polyhedral X', a non-convex set. Hence, any insights into the characterization
of f(X™) can be of assistancein solving the given optimisation problem.

A more general form of the problem of this paper has been studied, in which
the optimisation problem takes the form

min [ (x)],
where 7(-) is convex, or specifically linear, and X is convex, or specifically poly-
hedral, or polytopal (see, e.g., [8-12]). This problem is somewhat harder than that
of this paper, but, nontheless, the ability to find, or characterize, f(X™*), will be of
usein these situations.

However, finding X* and f(X*) can be much more difficult than finding an
optimal solution to a scalar problem, such as minimising f*(z) over z € X for
some k. Now, even in scalar optimisation problems, if the computational load is
high, finding an optimal solution to the scalar problem may be replaced by finding
asolution whose objective function valueis within a prespecified positive distance
e of the optimal value. This philosophy clearly becomes of more importance in
the multiple objective efficient solution set case. In addition, because of the vastly
increased computational load, higher values of ¢ may be acceptable. In addition
to this, short cuts which use special aspects of the structure of the problem can be
valuable.

In this paper, we generalise the notion of an e-optimal solution set for a scalar
problem to the notion of an e-efficient solution set, and use a class of problems
with a specific structure to try to short cut the computations. We will consider a
class of problems where X takesthe form

X=2ZnY 1)
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EPSILON DOMINANCE AND CONSTRAINT PARTITIONING 437

where Z and Y areindividually simpler than X, and we assumethat X iscompact
in R and f(-) iscontinuouson R’} .

In addition to this, we will extend the problem beyond finding X* to aproblem
of finding an e-dominating substitute X*(e), when ¢ € R¥ is specified and e-
dominance is defined asfollows, viz. given two sets of actionsU, V', with V' C U,
and f(-) isdefined on V and U, then V' is said to e-dominate U with respect to

{f(),<}if
u €U — Jv e Vwith f(v) —e < f(u). 2

If € isacceptably small, and if V* isthe efficient set of V' with respectto {f(-), <}
then, given the monotonic preference assumption, V* will be amost asgood as U
for decision making purposes. If it is relatively easy to determine, in comparison
with determining the efficient solution set, then it may be more acceptable to find
V*, even though someloss of value may arisein the final decision making process
asaresult.

If U* isthe efficient set of U with respect to { f(-), <}, then V' will be said to
be an e-efficient solution set for U if V. C U* and V' satisfies (2).

In our case we will set

U=X, V=2ZnY". (3)
It iseasily demonstrated that if {U, V, X'} satisfy (1) and (3) then (see Lemma 1)
V=V*CU". (4)

Then, if {U,V, X'} satisfy (1)—«3), V is an e-€fficient solution set for U. Then we
may set X*(e) = V.

In Section 2 we will look at some sufficient conditions for Z N Y™ to be the
efficient solution set and to be a 0-efficient solution set. Wewill 1ook at the question
of preferred computational sequence and consider some special cases. In Section
3 we will examine the problem of evaluating a specific € for Z N Y* to be an
e-efficient solution set for X inthelinear case, specificaly for K = 2, although the
approach is generalisable to general K. We also look at a special application. We
then give a summary and comments. We present no formal algorithm. The paper
is intended as an exploratory one, developing a framework on the basis of which
subsequent algorithms may be designed.

In what follows, if U isany set, with f(-) defined on U, we define

f(U)={0ec R¥ :0= f(u)forsomewu inU}.
Then, if V isa0-efficient set for U, we have

fV)=fUr).
Also, V isaO-efficient set for U* if and only if
fV)=fUr).
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438 D.J. WHITE

Asaresult of this, 0-efficiency, and e-efficiency, will be subsequently examined in
the objective function space. We also note, for future use, that

ZNY*=XNY".

2. O-efficiency
2.1. A PRELIMINARY RESULT

From now on we will assume that the sets {U, V, X, Y, Z} areall in R'}, and that
f () isdefined on all these sets, taking real values on these sets.
Wefirst of al prove the following theorem.

LEMMA 1. If {U,V, X} satisfy (1) and (3), then (4) holds.

Proof. Clearly, V* C V. Now supposeu € V\V*. Then, thereexistsav € V
suchthat f(v) < f(u), f(u) # f(v). Nowu € V andv € V. Hence, v € Y* and
v € Y*. This contradicts the statement that f(v) < f(u), f(u) # f(v). Hence,
V*=V.

Let w € V\U*. Then v € U and there existsav € U with f(v) < f(u),
f(u) # f(v). Now v € Y* and v € Y, and this contradicts the statement that

f(v) < f(u) and f(u) # f(v). o
THEOREM 1. Leta € R* begiven, (1) holds and

Z={zeR": f(z)<a). 5)
Then

(i) X*'=2ZnY*
(i1)  ZNY™isaO-efficient solution set for X. (6)

Proof. (i) Thefactthat Z N Y* C X* comesfromLemmal.

Nowletz € X*\(ZNY™*).Then,z € Y,z € Z butz # Y*. Thus, thereexistsa
y € Ywith f(y) < f(z), f(y) # f(r).Becausez € Z,wehave f(z) < a. Hence,
fly) < a,andthusy € Z. Wethenhavey € X, f(y) < f(x), f(y) # f(=),
contradictingz € X*. Thus X* C ZNY™.

(i) This comes from part (i) and Theorem 6, Chapter 2 of Reference [4]. This
requiresthat, for all € X, the following set

Sx)={ye X fly) < f(x)}

is compact, and this holds for this paper because X is assumed to be compact, and
f(-) isassumed to be continuouson R’ . 0

This particular form of Z is used in Reference [13] for a constrained multiple
objective routing problem. In the case of Theorem 2, identity (6) holds. It is
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EPSILON DOMINANCE AND CONSTRAINT PARTITIONING 439

possible, in other cases, for Z N Y™ to be a 0-efficient solution set for X, but (6)
not to hold.

2.2. CHOICE OF COMPUTATIONAL SEQUENCE

When Z N Y* isaO-efficient solution set for X, wehave f(X*) = f(ZNY™*) and
thereisthe question of how wemight usethisknowledgeto assist the determination
of f(X*).Insome casesit is useful, and in other casesit is not useful. Two ways
of proceeding are as follows, viz.
@ find f(ZNY)andthen f(ZNY™),
(b) find f(X*) andthen f(Z) N f(Y™).

We consider three classes of situation.

A. Explicit finite lists of options.  Let us suppose that {X,Y, f(X), f(Y)} are
finiteexplicitly listed setsandthat f (X *) and f (Y *) arefound by some comparison
procedure which eliminates non-efficient solutions. Let X and Y contain p and
g members respectively. The simple way to find f(X*) and f(Y™*) directly is
by paired comparisons. This is computationally inefficient, but gives comparable
computational complexity with other methods, and allowsusalittle more precision
in computational time estimates (the method of Reference [14] is better). For our
method, therearep(p — 1) /2 and ¢(q — 1) /2 comparisons, respectively, for finding
F(X*) and f(Y*).

Let us now suppose that, on average, for any finite set W with » members, W*
contains arr members, with 0 < o < 1, and that, on average, g membersof Y are
inZ,forsome0< <1

Finally, let ¢ be the cost of checking whether or not a specific z isin Z, and d
be the paired comparison cost in determining the efficient solution set.

Then, the costs of finding f(X*) are

via(a): cq+d(Bq(Bg —1)/2)

and
via(b): acg +d(q(q — 1)/2).

Thus, finding f(X*) via(a) will be at least as good as by method (b) if and only if
¢/d < qla(L+ B) — D(1— B)/2(1 - a). 7)

For some problems (see, e.g., [13], which uses a vector minimum dynamic pro-
gramming approach, similar to the approaches of Reference [4, p. 165], to find
efficient solutions for a constrained routing problem) Z is given by (5), = corre-
spondsto aroute, and Y isaset of routes.
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440 D.J. WHITE

In this case, checking whether or not z € Z is computationally equivalent to a
paired comparison in the efficiency procedure. Thus, ¢ = d. In general, for large
q, B islikely to be close to 0 and inequality (7) approaches

qg—1) > 2(1-a),

and is aimost certain to be true. Thus, for this class of problem and others, it is
likely that method (a) is preferable. Nontheless, it is conceivable that, for some
problemsin this class, method (b) is preferable.

B. Implicit options defined by constraints for real variables.  Let us suppose that
(1) holdsand that Z and Y areimplicitly defined by the following constraints with
a € RX,be R™, F € RKX" B € R™*", viz.

Z={zx€R} Fr<a}, Y={zeR]: Bzx<b} (8)
and
flz) = Fz,F > 0. (9)

Now it may be easier to find f(Y™*) by some method than to find f(X™*) by the

same method. We will expand upon this for the linear situation given by (8), (9)

for K = 2, using the weighting vector method for determining efficient solutions.
From Reference [4, Chapter 4, Corollary 1.2]

Y*={y €Y :3IN€R2, X\ >0\ + )\ =1, suchthat
AFy < AFx Vzx €Y} (20

Using (10) we seethat f (Y *) isapiecewise-linear connected setin R? , and that
f(Y*)ischaracterized by aset fz(Y™*) of T extremepoints {#*,1 <t < T} C R?,
with end points 6, 7', with

0f >0 1<t<T -1
and
T-1
F=U U {0eR::0=10""+(1-)0"} (11)
t=1 v€[0,1]

Similarly, f(X*) is a piecewise-linear connected set in R2, and f(X*) is
characterized by a set f(X*) of S extreme points {¢*,1 < s < S} C R2 with
end points 4%, 12, with

i >pitl2<s <S8 —2, Y2 gt >

and

S—1
fxn =1 U {#eRi 0=y + 21—y} (12)

s=1~€[0,1]
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EPSILON DOMINANCE AND CONSTRAINT PARTITIONING 441
Note that it is possible, with this presentation, to have ' = 2 and /or p°~* =
S, as stated in (14) and (16) to follow.

Because (6) holds, we seethat f(X*) is a connected subset of f(Y*) and that
there existsapair {t1,%2} C {1,2,-,-, T} (possibly not distinct) such that

PP =02 2L sty +2=5—-1, (13)

Ypr=oy? =0%ift; =1, (14)

Pt =t 4+ (L= )8 im

= min[y € [0,1] : 903 + (1 — 7)0" € f(X)]if ta # 1, (15)
=St =0T ift, =T, (16)

h° = 02T+ (1—y5)0%2 : g
= max[y € [0,1] : v92"1 + (1 —~)0%2 € f(X)]if to #T. (17)

In effect (13)—(17) generate f(X*) from f(Y*) by following {#*,1 < t < T},
beginning with ¢ = 1, until the first 6 is encountered such that ' = Fx for some
x € X, viz. t = t1. The sequenceis then reversed, beginning at ¢ = T, until the
first t is encountered with #* = Fz for somez € X, viz. t = t».

If t1 = 1,thens = 1and s = 2 areidentified with ¢ = 1. Otherwise, for some
t1 # 1, 01 isthe first ¢ encountered with ! = Fz for some z € X. Then, in
effect, (15) simply findsthat part of thelinejoining #'+~1 and §* whichisgenerated
by membersof X.

A similar explanation applies for the reverse sequence.

The determination of {6?, 1 < ¢t < T} iscarried out by using parametric linear
programming in Ay, asaresult of identity (10).

It is not necessary to check each ¢ to seeif ' = Fx for somez € X. If we
beginwith A = (0, 1) (removing any inefficient solutions which may arise because
A\ # 0), we merely check all points §* generated until we reach ¢t = ¢;. We may
reverse the process, beginning with A\ = (1,0), and only check until ¢ = ¢, is
found.

Ingeneral, T > S, and thus more extreme pointsarisein f (Y*) thanin f(X™).
However, the parametric linear programming involved in finding f(Y™*) can be
somewhat less than that involved in finding f(X*).

For transportation problems, for example, if Y correspondsto the unconstrained
transportation problem, and 7 corresponds to the additional constraints, then the
specia structure of the unconstrained transportation problem considerably assists
the determination of f(Y ™), and this structure is lost once additional constraints
are added.
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442 D.J. WHITE

C. Implicit options defined by constraintsfor discretevariables. There are some
discrete problems where special structures are useful in an optimisation process
and for which f(Y™*) ismorereadily found thanis f (X™*), using a specific method.

In Reference [15], a special form of assignment problem is studied, in which
f(x) takes the form, with K2 = n,

K
) =Y cwmin, 1<k <K. (18)
=1

In this class of problems, : may be ajob, and & may be the machine, and, for
each &, (8) givesthe total time for machine k for assignment .

For this class of discrete problems, the weighting vector method still gives all
of the efficient solutions. Once additional constraints are added, this result fails
to hold. If Y corresponds to the standard assignment constraints, then f(Y*) may
be found fairly easily, and if the additional constraints, defining Z, are such as to
make Z N'Y* a0-efficient solution set for X, f(Z) N f(Y™) will give f(X™).

3. e-efficiency in thelinear case

3.1. €e-EVALUATION

In the general case, finding, for a given e whether or not Z N Y™ is an e-efficient
solution set for X', means showing whether or not the following is true, viz.

Ve e X,3y e ZNY*: f(y) —e < f(x). (19)

Thisis, in general, quite adifficult problem.
Inthe case when ¢, = o, 1 < k < K, demonstrating (17) is equivalent to
showing that

max [yergjg,* Lgcang @) = FH @)

<o (20)

Even the demonstration of (20) can be quite difficult. Finding the smallest o for
which (20) holdsis even harder.

In this section, we will confine ourselvesto the linear form (8), (9), with K = 2
but with the constraint matrix F' for Z in (8) replaced by a more general constraint
matrix A € R\*".

f(Y*)isgiven by (11). However, athough f (X*) still takesthe form (12), the
identity with (13)—(17) does not necessarily hold.

We may, however, in principle adopt a similar approach to that of (13)—17).
Using (11) weseethat f(Z) N f(Y™*) takestheform

T-1
fngo)=U U (0eri0=0t a0
t=1 ’YG[ltﬁt]
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EPSILON DOMINANCE AND CONSTRAINT PARTITIONING 443

where, when they exist,

¥, = max[y € [0,1] : y0" + (1—7)8" € f(Z)]
and

v, = minfy € [0,1] : 16" + (1 —)60" € f(Z)].

In effect, {¥;,~,} determine the extreme points of the linear section of f(Y™)
between 0! and #'+1 which liesin f(Z), and hence liesin f(X*). We note that
neither 7, nor v, need exist, in which case the corresponding line subsection is
empty.

In principle, the pairs of points {Zt, ¢'} given by

=70+ 1-9)0, 1<t<T-1,

€=70 + (170, 1<t<T-1,

when they exist, may be found by tracing through {#*,1 < ¢ < T'}, noting that if
6! € f(Z)and 0"+ € f(Z), then v, = 0,7, = 1, and constructing the requisite
linear subsections. B

When e = Oisfeasiblein (19), we have

&=0", 1<t<T-1,
g =0t 1<t<T-1

Thepairs{{Et,gt}, 1 <t < T—1}, determinelineintervalson f(Y*) whichlie
in f(Z). Theresidual region of f(Y*) consists of open or half-open, lineintervals
of f(Y*). To avoid undue details, we will smply let {IW",1 < r < R}, bethe
closures of these intervals (we include the end points of each such interval to
simplify matters, though such pointsmay bein f(7)).

For the moment, let usassumethat Z N Y™* # ¢. Now if z € X, there existsa
y € Y* with F'y < Fx. Hence, an upper bound on the left-hand side expression of
(20)is

o = max
reY*

min_ | max [+ - ()] |

YyEZNY* |1<k<2

Since, without loss, wecandrop al f € f(X) N f(Y™*), thisisthe same as

7= max lmax[ min [max[gk—fk]m.

I<r<R [ feW™ |gef(X)NF(Y*) [1<k<2

Now let {{7",7"},1 < r < R} bethe extreme points of {W",1 < r < R},
with 7] < 71,75 > 15.
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Also, for each W", 1 < r < R, let {i", 1"} be the nearest two members of

It
Urcrer—1 (€, €} to W™, with i} < 74,75 > 15,4} > 17, 1y < 5. Then, for
fewr,

e B sl = 5]
isreadlisedat g = " and/or g = " .
Letting f € W take the form

f=vT+A-v1", ~v€[01],

we see that

7= ma [orgggl Le{rgmu}{lrpgz[gk—m“l )z )]m. (21)

Thesize of 7 will depend on how well {{Zt,gt}, 1<t < T -1} aredistributed
over f(Y™). B

If ZNnY* = ¢, then we cannot use the above method. However, we can
supplement f(Z) N f(Y™) by additional pointsin f(X*) asfollows.

Each extremepointof W™, 1 < r < R, whichisnotin f(Z) mustbein {61 <
t < T}, becauseif 7 (resp. ") € Ut 1 {5 &'} then 7 (resp. 17) € f(2).

Solet7° C {1,2,,-,T} betheset of t for which #* ¢ f(Z), and consider the
following problem P*, t € TO.

Pt min | max [max[f*(z) — 65, 0]]| . (22)

z€EX |1<k<2
If ¢ isthe value of (22), and z* solves problem P!, then ¢! > 0 and
Ft) <0 + et e TP (23)

If ' uniquely solves problem P?, then 2! € X*. If 2! does not uniquely solve
P, the following problem Q' will produce a solution 2/ which solves P! and lies
in X* (see Theorem 7, Chapter 1 of Reference[4]).

Qt

— zeX f( ) (") 1<Zk:<2 a
The points {f () or f(i!),t € TO}, are nearest points in X*, in a specified

senseimplicitin (22),to {#,t € TO}. If {¢*, ¢ € T°}, aresmall, then, adding these

to {{#", 1"}, 1 <r < R},in(21), will tend to reduce . In the extreme case, when

¢! = 0, then, from (23) we have

0" = f(z")(or f(i")) € F(X7),
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becausez’ (or #') € Y and 0" € f(Y*).

Note that the procedure outlined above can, in principle, be applied to all
{6,1 < t < T}, inthefirst instance if desired. The {{&',¢},1 <t < T — 1},
analysis simply allows some of these to be determined as being in f(X™*) in the
first instance, in which case ¢! = 0 for all such ¢'.

3.2. FURTHER APPROXIMATIONS

The number, T', of extreme points of f(Y*), may be quite large. Hence it may be
required that f(Y™*) be reduced by some selection process before the e-evaluation
phase is commenced.

If we select of subset of {#",1 < ¢ < T}, including 6 and 67" in this subset, we
generate asurrogate set f(Y**) for f(Y™*). A similar e-efficiency analysis may be
appliedto f(Y**) aswasgiven for f(Y™).

3.3. AN ILLUSTRATION

We will consider a standard multiple objective balanced transportation problem,
where

N

V=SzeR"N: Y 2;=0b, 1<i<My, (24)
j=1
M

Z:{xeR%N:inj:aj, 1<j<N}, (25)
=1

M N
) =323 flay, k=12

i=1 j=1

(24) and (25) have been put in equality form, although they could be put in
inequality form. Also, to conform with the general framework, wehaven = M N.

If wefind f(Y™*) by the weighting factor method, given A € (0, 1) we need to
find

M N
min ; jz_jl(xfij + (1= N fR)mis | - (26)
Because of the specia form of Y we see that, in (26), we may carry out the
minimisation for each value of i separately.
Forl<i< M,let{0" 1<t<T(i)}, betheset of efficient solutions of the
set of N vectors{b; f;j,1 < j < N}, correspondingto {z;;,1 < j < N}, ordered
so that

0 > 0 1<t < T(i) — L
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For 1 <@ < M, thecritical A values generated in the weighting factor process
aregivenby A = (05" —65)) /(0% — 077" + (05 = 04)), 1 < t < T(i) — L.

At =\, inthemultiple objectivespace R2 , 91 and 0% areequally optimal
for (26), with

M XL 1<t < T(0) — L

The complete set of critical A valuesfor the overall optimisation in (26), taken over
all i, isthen

(N 1<i< M, 1<t<T(3) —1}. (27)

If T'(¢) = 1 for any 4, we delete the corresponding set in (25).
Now let the {\*,1 < i < M,1 <t < T(i) — 1} be renumbered {\/,1 < t <
T — 1} with

O< XN <Al 1<tg<T -1
Definethe following sets {©%},1 <i < M,1<t<T — L

ol — {or+Li if \7¢ < X < A"t for somer
T L {67,071 if A = X! for somer :

Then, the extremepoints fz (Y *) of f(Y™*) aregiven by the non-dominated vectors
in

M T )
Z Z @@tl,
=1 t=1
where & means ‘sum-set’ addition (see [16], where an algorithm for finding the
non-dominated vectors is given).
f(Y*) is then the piecewise linear set formed by joining up adjacent pairs of
pointsof fr(Y™).
Once f(Y™) has been found, the analysis of Section 3.1 and the approximation
of Section 3.2, may be used.

4. Summary and comments

In this paper we have considered the problem of finding the efficient solution set,
or an e-efficient solution set, when the set of actions, X, may be expressed as the
intersection of two other sets, {Y, Z}, each of which may be defined explicitly or
implicitly. The central issue is one of whether or not this decomposition may be
used to simplify the efficient solution set, or e-€fficient solution set, determination.

In Section 2 conditionsaregivento have X* = ZNY*andfor ZNnY* tobea
O-efficient solution set for X. For situationswhere { X, Y, f(X), f(Y)} arelisted
explicitly, acomputational cost analysisis given to determine whether it is better to
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treat X directly andfind f(X*) ortofind f(Y*) first,andthenfind f (Z)N f (Y*). It
isalmost certain that it is better to take the former approach. If however, { X,Y, Z}
aregivenimplicitly by constraints, then it is possible that Y has a special structure
which facilitates the determination of f(Y ™), which structure disappears as soon
asthe Z constraints are added. An illustration is given where this may arise, and
the framework of an approach for finding f(Y*), and then f(X™*), in the linear
casefor K = 2isgiven.

In Section 3 an approach to the determination of whether, given an acceptable
e € RX, ZnY*isan e-efficient solution set, isgivenfor thelinear casewith K = 2.
Thisis supplemented by the possibility of using approximationsfor f(Y™*).

Finally, the e-efficiency approach isillustrated with a problem in which f(Y™)
isfairly readily obtained.

The general problem of determining whether or not agiven ¢ leadsto Z N Y™
being an e-efficient solution set isleft asan open one. It isclearly adifficult problem
and the computational effort involved may not be worthwhile. Nontheless, some
extension to casesbeyond the special onesconsideredin thispaper may bepossible.

For scalar optimisation problems considerable interest has been shown in the
development of heuristics, whose purpose isto find acceptabl e solutions at accept-
able computational effort levels. For multiple-objective problems, the need for
heuristics is even greater, for, not only do we have the computational effort need-
ed to find a single solution, but we have a great multiplicity of solutions in my
cases. It is possible that, by looking at problem structures which facilitate such
analysis, we may be able to devel op heuristics for the multiple objective case. The
approach of this paper is one such approach. If we find f(Y™*) and then see how
good f(Z NY™) is, we may find that an acceptable e exists. If thisfails, al that is
lost is the computational effort involved in this phase. At the very least we know
that ZNY™* C X*, and hence some efficient solutions may be generated relatively
easily.

Anillustration of a special assignment problem is also given.
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